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UNIT-4: HOMOMORPHISM FOR RINGS

Homomorphism (Def): Let R, R* be two rings. A mapping f:R — R is said to be a
homomorphism if (i) f(a + b) = f(a) + f(b) (ii)f(ab) = f(a)f(b) Va,b€ER

Monomorphism (Def): Let R, R be two rings. A homomorphism f: R — R is called a
monomorphism if f is a one-one mapping.

Epimorphism (Def): Let R, R! be two rings. A homomorphism f: R — R is called a
Epimorphism if f is on-to mapping.

Isomorphism (Def): Let R, R* be two rings. A homomorphism f: R — R is called a
Isomorphism if f is one-one and on-to mapping.

Note: If R = R! then homomorphism is called as Endo morphism. also isomorphism is
called as Automorphism.

Homomorphic image of ring (Def): If f: R » R is a homomorphism then the image set
f(R) = {f(x) € R'/x € R} is called the f homomorphic image of R.

Theorem 1: If f: R — R is a homomorphism then (i) £(0) = 0!

where 0,0! are zero elements of R,R! respectively.(ii) f(—a) = —f(a) Va€R
(i) f(a—b) = f(a) — f(b) Va,b € R

Proof: (i) For 0 € R,we have 0 + 0 = 0 = f(0 + 0) = £(0) [+ f is mapping |

= f(0)+ f(0) = f(0) [~ fishomo]

= f(0) + f(0) = f(0) + 0 [~ f(0) € R'soxe =x]

= f(0) =0' [ByL.CLin(R%+)]

(ii)ForaeR=3-a€R3a+(—a)=0= f(a+(-a)) = f(0)

= f(@) + f(=a) = 0" by(i) = f(-a) = —f(a)

(iiyFora,b € R, f(a—Db)=fla+ (=b)]=f(a)+f(=b)=f(a)—f(b) by(ii)

Theorem 2: The homomorphic image of aring isa ring. (OR)
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If 2R — R' is a homomorphism from a ring R to aring R! then
f(R)is a subring of R!
Proof: Let R, R* be two rings and f: R — R is a homomorphism
The homomorphic image of R =f(R) = {f(x) € R'/x € R}
To prove that f(R) is a ring. For this we have to show that f(R) is a subring of R?
(i) For 0€ R, w have f(0) = 0' = f(0) = 0' € f(R) = f(R) # @
(ii) By the def of f(R) = f(R) € R?
(iii) Let at, bt € f(R) then a' = f(a), b* = f(b) where a,b € R
Sincea,b e Rand Risaring = a—b,ab €R
Now a' —b' = f(a) — f(b) = f(a—Db) € f(R) and a'b' = f(a)f(b) = f(ab) € f(R)
f(R) is a subring of R*
Theorem3: The homomorphic image of a commutative ring is a commutative ring.
Proof: Let R, R* be two rings and f: R — R is a homomorphism
The homomorphic image of R =f(R) = {f(x) € R'/x € R}

To prove that
f(R) is a commutative ring. For this we have to show that f(R) is a subring of R?

(i) For 0€ R, w have f(0) = 0 = £(0) =0 € f(R) = f(R) # @

(ii) By the def of f(R) = f(R) € R?

(iii) Let at, b* € F(R) thena' = f(a), b* = f(b) where a,b € R

Sincea,b e Rand Risaring = a—b,ab € R

Now a' —b' = f(a) — f(b) = f(a—Db) € f(R) and a'b' = f(a)f(b) = f(ab) € f(R)
F(R)is a subring of R

(iv) Let at, bt € F(R) then al.b! = f(a)f(b) = f(ab) = f(ba) = f(b)f(a) = b'.a

f(R) is a commutative ring
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Kernel of a homomorphism (Def): Let R, R* be two rings and f: R — R is a homomorphism
then the set of elements in a ring Rwhich is mapped with zero element of R is called as kernel
of a homomorphism.

i.e. kerf = {x € R/f(x) = 0! where 0is the zero element of R}
Note: 1.By def of kerf € R (i) x € kerf & f(x) = 0!
(iii) For 0 € R, we havee f(0) = 0! = 0 € kerf = kerf # @

Theorem4: Let R, R be two rings and f: R — R! is a homomorphism then kerf is an ideal
of R

Proof: since f: R = R is a homomorphism

kerf = {x € R/f(x) = 0 where 0%is the zero element of R}
To prove that kerf is an ideal of R

(i) For 0 € R, we havee f(0) = 0 = 0 € kerf = kerf # 0
(ii) By def of kerf clearly kerf € R

(iii) Let a,b € kerf then f(a) = 0' and f(b) = 0!

Now f(a—b) = f(a) — f(b) =01 -0 =0' = a—b € kerf
Thusa,b € kerf = a—b € kerf

(iv) Let a € kerf, r € R then f(a) = 0!

Now f(ar) = f(a).f(r) = 0L f(r) = 0! = ar € kerf

also f(ra) = f(r)f(0) = f(r).0' = 0*

Thus a € kerf, r € R = ar,ra € kerf . Hence kerf is an ideal of R

Theorem5: Let R, R! be two rings and f: R —» R is a homomorphism then f is into —
isomorphism(one — one) < kerf = {0}

Proof: since f: R = R is a homomorphism
Necessary condition (=): Given f is into — isomorphism.
i.e.f is one — one homomorphism. To prove that < kerf = {0}

Let a be any element in kerf




By def, f(a) = 0 where 01 is the zero element of R?

= f(a) = f(0) [+ fis homo ]

=a=0 [vfisone—one]|= kerf = {0}

Sufficient condition(«): Given kerf = {0}

To prove that f is into — isomorphism.

We show that f is one — one (to given f is homomorphism. )

Leta,b € Rand f(a) = f(b)

Now f(a) = f(b) = f(a) — f(b) =0 = f(a—b) =0 = a—b € kerf
Sincekerf ={0} =>a—-—b=0=a=b = fisone—one

Fundamental theorem of homomorphism for rings: Let R, R! be two rings and f: R —» R
be onto a homomorphism with kernel K then R! is isomorphic to% (or) Every
homomorphic image of a ring is isomorphic to some quotient ring.

Proof: Given that f: R — R? is onto a homomorphism
kerf = {x € R/f(x) = 0 where 0'is the zero element of R}

We know that kerf = K is an ideal of R

Now§= {x+K/x €R}isaringunder () (x+K)+(y+K)=(x+y+K)
(i)(x+K) (y+K) = (xy +K) Vx+K,y+Ke§

Define 9: = — R' by @(x +K) = f(x) Vx+K €~

(i) @ is well defined and one-one: Let x + K,y + K E% andx+k=y+k

Sincex+k=y+keSx—-—yekK
& x—y € kerf
e fx—y)=0"
= f) - fy) =0
= f) =71y

34
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S 0(x+K)=0(W+K)
(i) @ is homomorphism: Letx + K,y + K € g
@O[x+K)+W+k)]=0(x+y+k)
=fx+y)
=f)+f@) [+ fishomo]
=0(x+K)+ 0y +K)
O)[(x+K).(y+ k)] =0(xy + k)
= f(xy)
=f).f(y) [+ fishomo]
=0(x+K).0(y +K)
(iii) @ ison-to: Lety € R  since fison—to3dx €ER D f(x) = y?!

For this x € R,we have x + k e% sothat = @(x + K) = f(x)

R
Foreachy' € R*3ax +k EE sothat = @(x + K) = f(x) = y!

R
o 0 e R is an isomorphism and hence 7= R?
Primal ideal (Def): An ideal I of the commutative ring R is said to be prime ideal of R if for all
X, YyERandxy el =x€lory€l.

Theoreml: An ideal I of a commutative ring R is prime ideal of R & ? is an integral
domain.

Proof: I is an ideal of commutative ring of R

? ={x+1/x € R} isa commutative ringunder ()(x+ D+ (y+D=x+y+1)
(x+D-y+D=&y+D) Vx+Ly+I1 E? also 0+ I is the zero element 0f§

Necessary condition (=): I is a prime ideal of R. To prove that ? is an integral domain




36

For this we have to show that? has no zero divisors.

Letx+1,y+IE?and(x+1)-(y+[)=0+I

Now (x+D)-(y+D)=0+1=xy+1=0+1
= xy—0€l
= xy €l
= x€lory€l [~Iisaprimeideal]

=x+I=0+1lory+1=0+1
? has no zero divisors.
Sufficient condition (<): Given ? is an integral domain. To prove [ is a prime ideal of R
VabeERandabel = ab+I1=0+1=(a+Db+I1)=0+1

. R . . . R . .
Since — is an integral domain and hence — has no zero divisors.

=@+)=0+lor(b+1)=0+1=a€lorbel. lisaprimeidealof R

Maximal ideal: Let R be aring and M be an ideal of R and M # R. M is said to be maximal
ideal of R if when ever N is an ideal of R such that M € N € R them eitherM = N or N = R.

Theorem2: An ideal M of a commutative ring with unity R is maximal ideal of R & % isa
field.

Proof: M is an ideal of commutative ring with unity of R

% = {x + M /x € R} is a commutative ring with unity under
Dx+M)++M)=x+y+M)

@) +M)-(y+M)=(xy+M) Vx+My+Me~

also 0 + M is the zero element ofg and 1 + M is the unity element of%

Necessary condition (=): M is a maximal ideal of R. To prove that % is afield

. R . . .
For this we have to show that every non-zero element of o s invertiable




Leta+Mbenon—zeroelementofE% so ~a+M#0+M=a¢Manda €R
we know that I = {ra/r € R} is also an ideal of R
“M+1={p+q/p€M,qE€l}isalsoanideal of R

Since M is a maximal ideal of RsoM S M +1 <SR
Sincea¢Manda=0+1l.aeM+I=M+M+1

Since M is a maximal ideal of RsoM +1 =R

leR=1eM+]=1=m+ ba wherem € M,b €R
=>1-ba=meM=1-baeEM=>1+M=ba+M

=1+M=(Mb+M)(a+M)

Since% is commutative ring ~ (a+M)(b+M)=((b+M)(a+M)=1+M
a+ M # 0+ M has multiplicative inverse of b+ M € %

% is a field

Sufficient condition (<): Given %is afield. Toprove M is a maximal ideal of R

Let N be any ideal of R suchthat M € N € R
If M = N, there is nothing to prove.
If M # N, toprovethat N =R (N S R and R € N) For this we have to show that 1 € N

SinceM #Nand M € N = Janelementa ¢ M and a € N

.'.a$M=>a+M¢O+ME%:a+Misanon—zeroelementof§

and i is afield

R
SOEIb+MEMsuchthat(a+M)(b+M)=(b+M)(a+M)=1+M

=ab+M=1+M =2ab—-—1€EM=>1—-abeMCN=1—-ab€eN

a€N,beRand N isaidealof R= ab €N
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1—ab €N, ab € Nand N isanidealof R=>1—ab+abeEN=1€N

Clearly N € R — (1)

Let x be any element of R

~XER=x.1€eR=x.1€N [v1€N ,x € Rand Nisanidealof R=x.1€ N |
= x €N ~ RSN —(2)

From (1) &(2) N = R .. Mis a maximal ideal of R




