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UNIT-4: HOMOMORPHISM FOR RINGS 

Homomorphism (Def): Let 𝑅, 𝑅1 be two rings. A mapping 𝑓: 𝑅 → 𝑅1 is said to be a 

homomorphism if (i) 𝑓(𝑎 + 𝑏) = 𝑓(𝑎) + 𝑓(𝑏)        (𝑖𝑖)𝑓(𝑎𝑏) = 𝑓(𝑎)𝑓(𝑏)   ∀ 𝑎, 𝑏 ∈ 𝑅 

Monomorphism (Def): Let 𝑅, 𝑅1 be two rings. A homomorphism 𝑓: 𝑅 → 𝑅1 is called a 

monomorphism if 𝑓 is a one-one mapping. 

Epimorphism (Def):  Let 𝑅, 𝑅1 be two rings. A homomorphism 𝑓: 𝑅 → 𝑅1 is called a 

Epimorphism if 𝑓 is on-to mapping. 

Isomorphism (Def):  Let 𝑅, 𝑅1 be two rings. A homomorphism 𝑓: 𝑅 → 𝑅1 is called a 

Isomorphism if 𝑓 is one-one and on-to mapping. 

Note: If 𝑅 =  𝑅1 𝑡ℎ𝑒𝑛 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝐸𝑛𝑑𝑜 𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚. 𝑎𝑙𝑠𝑜 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑖𝑠  

𝑐𝑎𝑙𝑙𝑒𝑑 𝑎𝑠 𝐴𝑢𝑡𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚. 

Homomorphic image of ring (Def): If 𝑓: 𝑅 → 𝑅1 is a homomorphism then the image set  

𝑓(𝑅) = {𝑓(𝑥) ∈ 𝑅1 𝑥⁄ ∈ 𝑅} is called the  𝑓 homomorphic image of R. 

Theorem 1: If 𝒇: 𝑹 → 𝑹𝟏 is a homomorphism then (i) 𝒇(𝟎) = 𝟎𝟏  

𝒘𝒉𝒆𝒓𝒆 𝟎, 𝟎𝟏 𝒂𝒓𝒆 𝒛𝒆𝒓𝒐 𝒆𝒍𝒆𝒎𝒆𝒏𝒕𝒔 𝒐𝒇 𝑹, 𝑹𝟏  respectively.(ii) 𝒇(−𝒂) = −𝒇(𝒂)   ∀ 𝒂 ∈ 𝑹   

(iii) 𝒇(𝒂 − 𝒃) = 𝒇(𝒂) − 𝒇(𝒃)  ∀ 𝒂, 𝒃 ∈ 𝑹 

Proof: (i) For 0 ∈ 𝑅, 𝑤𝑒 ℎ𝑎𝑣𝑒 0 + 0 = 0 ⟹ 𝑓(0 + 0) = 𝑓(0)  [∵ 𝑓 𝑖𝑠 𝑚𝑎𝑝𝑝𝑖𝑛𝑔 ] 

⟹ 𝑓(0) + 𝑓(0) = 𝑓(0)   [ ∵ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 ] 

⟹ 𝑓(0) + 𝑓(0) = 𝑓(0) + 01   [ ∵ 𝑓(0) ∈ 𝑅1 𝑠𝑜 𝑥𝑒 = 𝑥 ] 

⟹ 𝑓(0) = 01    [By L.C.L in (𝑅1, +)] 

(ii) For 𝑎 ∈ 𝑅 ⟹ ∃ − 𝑎 ∈ 𝑅 ∋ 𝑎 + (−𝑎) = 0 ⟹ 𝑓(𝑎 + (−𝑎)) = 𝑓(0) 

⟹ 𝑓(𝑎) + 𝑓(−𝑎) = 01  𝑏𝑦(𝑖) ⟹ 𝑓(−𝑎) = −𝑓(𝑎)   

(iii) For 𝑎, 𝑏 ∈ 𝑅 ,      𝑓(𝑎 − 𝑏) = 𝑓[𝑎 + (−𝑏)] = 𝑓(𝑎) + 𝑓(−𝑏) = 𝑓(𝑎) − 𝑓(𝑏)    𝑏𝑦(𝑖𝑖) 

 

Theorem 2: The homomorphic image of a ring is a ring.  (OR) 
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If 𝒇: 𝑹 → 𝑹𝟏 is a homomorphism from a ring 𝑹  to a ring 𝑹𝟏  𝒕𝒉𝒆𝒏    

𝒇(𝑹)𝒊𝒔 𝒂 𝒔𝒖𝒃𝒓𝒊𝒏𝒈 𝒐𝒇𝑹𝟏  

Proof: Let 𝑅, 𝑅1 be two rings and 𝑓: 𝑅 → 𝑅1 is a homomorphism 

The homomorphic image of R =𝑓(𝑅) = {𝑓(𝑥) ∈ 𝑅1 𝑥⁄ ∈ 𝑅}  

To prove that 𝑓(𝑅) 𝑖𝑠 𝑎 𝑟𝑖𝑛𝑔. 𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑓(𝑅) 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑟𝑖𝑛𝑔 𝑜𝑓𝑅1 

(i) For 0∈ 𝑅, 𝑤 ℎ𝑎𝑣𝑒 𝑓(0) = 01 ⟹ 𝑓(0) = 01 ∈ 𝑓(𝑅 ) ⟹ 𝑓(𝑅 ) ≠ ∅       

(ii) By the def of 𝑓(𝑅 ) ⟹ 𝑓(𝑅 ) ⊆  𝑅1   

(iii) Let 𝑎1, 𝑏1 ∈ 𝑓(𝑅) 𝑡ℎ𝑒𝑛 𝑎1 = 𝑓(𝑎), 𝑏1 = 𝑓(𝑏) 𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏 ∈ 𝑅 

Since 𝑎, 𝑏 ∈ 𝑅 𝑎𝑛𝑑 𝑅 𝑖𝑠 𝑎 𝑟𝑖𝑛𝑔 ⟹ 𝑎 − 𝑏, 𝑎𝑏 ∈ 𝑅 

Now 𝑎1 − 𝑏1 = 𝑓(𝑎) − 𝑓(𝑏) = 𝑓(𝑎 − 𝑏) ∈ 𝑓(𝑅)   𝑎𝑛𝑑    𝑎1𝑏1 = 𝑓(𝑎)𝑓(𝑏) = 𝑓(𝑎𝑏) ∈ 𝑓(𝑅) 

     𝑓(𝑅) 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑟𝑖𝑛𝑔 𝑜𝑓𝑅1 

Theorem3: The homomorphic image of a commutative ring is a commutative ring. 

Proof: Let 𝑅, 𝑅1 be two rings and 𝑓: 𝑅 → 𝑅1 is a homomorphism 

The homomorphic image of R =𝑓(𝑅) = {𝑓(𝑥) ∈ 𝑅1 𝑥⁄ ∈ 𝑅}  

To prove that 

𝑓(𝑅) 𝑖𝑠 𝑎 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑟𝑖𝑛𝑔. 𝐹𝑜𝑟 𝑡ℎ𝑖𝑠 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑓(𝑅) 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑟𝑖𝑛𝑔 𝑜𝑓𝑅1 

(i) For 0∈ 𝑅, 𝑤 ℎ𝑎𝑣𝑒 𝑓(0) = 01 ⟹ 𝑓(0) = 01 ∈ 𝑓(𝑅 ) ⟹ 𝑓(𝑅 ) ≠ ∅       

(ii) By the def of 𝑓(𝑅 ) ⟹ 𝑓(𝑅 ) ⊆  𝑅1   

(iii) Let 𝑎1, 𝑏1 ∈ 𝑓(𝑅) 𝑡ℎ𝑒𝑛 𝑎1 = 𝑓(𝑎), 𝑏1 = 𝑓(𝑏) 𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏 ∈ 𝑅 

Since 𝑎, 𝑏 ∈ 𝑅 𝑎𝑛𝑑 𝑅 𝑖𝑠 𝑎 𝑟𝑖𝑛𝑔 ⟹ 𝑎 − 𝑏, 𝑎𝑏 ∈ 𝑅 

Now 𝑎1 − 𝑏1 = 𝑓(𝑎) − 𝑓(𝑏) = 𝑓(𝑎 − 𝑏) ∈ 𝑓(𝑅)   𝑎𝑛𝑑    𝑎1𝑏1 = 𝑓(𝑎)𝑓(𝑏) = 𝑓(𝑎𝑏) ∈ 𝑓(𝑅) 

     𝑓(𝑅)𝑖𝑠 𝑎 𝑠𝑢𝑏𝑟𝑖𝑛𝑔 𝑜𝑓𝑅1 

(iv) Let 𝑎1, 𝑏1 ∈ 𝑓(𝑅) 𝑡ℎ𝑒𝑛 𝑎1. 𝑏1 = 𝑓(𝑎)𝑓(𝑏) = 𝑓(𝑎𝑏) = 𝑓(𝑏𝑎) = 𝑓(𝑏)𝑓(𝑎) = 𝑏1. 𝑎1 

𝑓(𝑅) 𝑖𝑠 𝑎 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑟𝑖𝑛𝑔 
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Kernel of a homomorphism (Def): Let 𝑅, 𝑅1 be two rings and 𝑓: 𝑅 → 𝑅1 is a homomorphism 

then the set of elements in a ring 𝑅which is mapped with zero element of 𝑅1 is called as kernel 

of a homomorphism. 

i.e. 𝑘𝑒𝑟𝑓 = {𝑥 ∈ 𝑅 𝑓(𝑥)⁄ = 01 𝑤ℎ𝑒𝑟𝑒 01is the zero element of 𝑅1} 

Note: 1.By def of  𝑘𝑒𝑟𝑓 ⊆ 𝑅    (ii) 𝑥 ∈ 𝑘𝑒𝑟𝑓 ⟺ 𝑓(𝑥) = 01 

(iii) For 0 ∈ 𝑅, 𝑤𝑒 ℎ𝑎𝑣𝑒𝑒 𝑓(0) = 01 ⟹ 0 ∈ 𝑘𝑒𝑟𝑓 ⟹ 𝑘𝑒𝑟𝑓 ≠ ∅  

Theorem4: Let 𝑹, 𝑹𝟏 be two rings and 𝒇: 𝑹 → 𝑹𝟏 is a homomorphism then 𝒌𝒆𝒓𝒇 is an ideal 

of 𝑹   

Proof: since 𝑓: 𝑅 → 𝑅1 is a homomorphism 

𝑘𝑒𝑟𝑓 = {𝑥 ∈ 𝑅 𝑓(𝑥)⁄ = 01 𝑤ℎ𝑒𝑟𝑒 01is the zero element of 𝑅1} 

To prove that  𝑘𝑒𝑟𝑓 is an ideal of 𝑅   

(i) For 0 ∈ 𝑅, 𝑤𝑒 ℎ𝑎𝑣𝑒𝑒 𝑓(0) = 01 ⟹ 0 ∈ 𝑘𝑒𝑟𝑓 ⟹ 𝑘𝑒𝑟𝑓 ≠ ∅ 

(ii) By def of  𝑘𝑒𝑟𝑓            clearly 𝑘𝑒𝑟𝑓 ⊆ 𝑅 

(iii) 𝐿𝑒𝑡 𝑎, 𝑏 ∈ 𝑘𝑒𝑟𝑓 𝑡ℎ𝑒𝑛 𝑓(𝑎) = 01   𝑎𝑛𝑑 𝑓(𝑏) = 01  

𝑁𝑜𝑤 𝑓(𝑎 − 𝑏) = 𝑓(𝑎) − 𝑓(𝑏) = 01 − 01 = 01 ⟹ 𝑎 − 𝑏 ∈ 𝑘𝑒𝑟𝑓 

Thus 𝑎, 𝑏 ∈ 𝑘𝑒𝑟𝑓 ⟹ 𝑎 − 𝑏 ∈ 𝑘𝑒𝑟𝑓 

(iv) 𝐿𝑒𝑡 𝑎 ∈ 𝑘𝑒𝑟𝑓, 𝑟 ∈ 𝑅 𝑡ℎ𝑒𝑛 𝑓(𝑎) = 01    

𝑁𝑜𝑤 𝑓(𝑎𝑟) = 𝑓(𝑎). 𝑓(𝑟) = 01. 𝑓(𝑟) = 01 ⟹ 𝑎𝑟 ∈ 𝑘𝑒𝑟𝑓 

 𝑎𝑙𝑠𝑜 𝑓(𝑟𝑎) = 𝑓(𝑟)𝑓(0) = 𝑓(𝑟). 01 = 01 

Thus 𝑎 ∈ 𝑘𝑒𝑟𝑓, 𝑟 ∈ 𝑅 ⟹ 𝑎𝑟, 𝑟𝑎 ∈ 𝑘𝑒𝑟𝑓 .  𝐻𝑒𝑛𝑐𝑒 𝑘𝑒𝑟𝑓 is an ideal of 𝑅   

Theorem5: Let 𝑹, 𝑹𝟏 be two rings and 𝒇: 𝑹 → 𝑹𝟏 is a homomorphism then 𝒇 𝒊𝒔 𝒊𝒏𝒕𝒐 −

𝒊𝒔𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒔𝒎(𝒐𝒏𝒆 − 𝒐𝒏𝒆) ⟺  𝒌𝒆𝒓𝒇 = {𝟎}  

Proof: since 𝑓: 𝑅 → 𝑅1 is a homomorphism 

Necessary condition (⟹): Given 𝑓 𝑖𝑠 𝑖𝑛𝑡𝑜 − 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚. 

𝑖. 𝑒. 𝑓 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒 ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚.     𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 ⟺  𝑘𝑒𝑟𝑓 = {0}  

Let 𝑎 𝑏𝑒 𝑎𝑛𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 𝑘𝑒𝑟𝑓 
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By def, 𝑓(𝑎) = 01 𝑤ℎ𝑒𝑟𝑒 01 is the zero element of 𝑅1 

⟹ 𝑓(𝑎) = 𝑓(0)  [∵ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 ] 

⟹ 𝑎 = 0    [∵ 𝑓 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒 ] ⟹ 𝑘𝑒𝑟𝑓 = {0} 

Sufficient condition(⟸): Given 𝑘𝑒𝑟𝑓 = {0} 

To prove that 𝑓 𝑖𝑠 𝑖𝑛𝑡𝑜 − 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚.  

We show that 𝑓 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒    (𝑡𝑜 𝑔𝑖𝑣𝑒𝑛 𝑓 𝑖𝑠  ℎ𝑜𝑚𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚.  ) 

Let 𝑎, 𝑏 ∈ 𝑅 𝑎𝑛𝑑 𝑓(𝑎) = 𝑓(𝑏) 

Now 𝑓(𝑎) = 𝑓(𝑏) ⟹ 𝑓(𝑎) − 𝑓(𝑏) = 01 ⟹ 𝑓(𝑎 − 𝑏) = 01 ⟹ 𝑎 − 𝑏 ∈ 𝑘𝑒𝑟𝑓 

Since 𝑘𝑒𝑟𝑓 = {0} ⟹ 𝑎 − 𝑏 = 0 ⟹ 𝑎 = 𝑏 ⟹  𝑓 𝑖𝑠 𝑜𝑛𝑒 − 𝑜𝑛𝑒 

Fundamental theorem of homomorphism for rings: Let 𝑹, 𝑹𝟏 be two rings and 𝒇: 𝑹 → 𝑹𝟏 

be onto a homomorphism with kernel K then 𝑹𝟏 𝒊𝒔 𝒊𝒔𝒐𝒎𝒐𝒓𝒑𝒉𝒊𝒄 𝒕𝒐
𝑹

𝑲
  (or) Every 

homomorphic image of a ring is isomorphic to some quotient ring. 

Proof: Given that 𝑓: 𝑅 → 𝑅1 is onto a homomorphism 

𝑘𝑒𝑟𝑓 = {𝑥 ∈ 𝑅 𝑓(𝑥)⁄ = 01 𝑤ℎ𝑒𝑟𝑒 01is the zero element of 𝑅1} 

We know that 𝑘𝑒𝑟𝑓 = 𝐾 is an ideal of 𝑅 

Now 
𝑅

𝐾
= {𝑥 + 𝐾 𝑥⁄ ∈ 𝑅} is a ring under (𝑖)(𝑥 + 𝐾) + (𝑦 + 𝐾) = (𝑥 + 𝑦 + 𝐾)   

 (𝑖𝑖)(𝑥 + 𝐾) ∙ (𝑦 + 𝐾) = (𝑥𝑦 + 𝐾)   ∀ 𝑥 + 𝐾, 𝑦 + 𝐾 ∈
𝑅

𝐾
 

Define ∅:
𝑅

𝐾
→ 𝑅1 𝑏𝑦  ∅(𝑥 + 𝐾) = 𝑓(𝑥)    ∀ 𝑥 + 𝐾 ∈

𝑅

𝐾
  

(i) ∅ is well defined and one-one: 𝐿𝑒𝑡 𝑥 + 𝐾, 𝑦 + 𝐾 ∈
𝑅

𝐾
 𝑎𝑛𝑑 𝑥 + 𝑘 = 𝑦 + 𝑘 

Since 𝑥 + 𝑘 = 𝑦 + 𝑘 ⟺ 𝑥 − 𝑦 ∈ 𝐾 

                                  ⟺ 𝑥 − 𝑦 ∈ 𝑘𝑒𝑟𝑓 

                                  ⟺ 𝑓(𝑥 − 𝑦) = 01 

                                  ⟺ 𝑓(𝑥) − 𝑓(𝑦) = 01 

                                  ⟺ 𝑓(𝑥) = 𝑓(𝑦) 
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                                  ⟺ ∅(𝑥 + 𝐾) = ∅(𝑦 + 𝐾) 

(ii) ∅ is homomorphism:  𝐿𝑒𝑡 𝑥 + 𝐾, 𝑦 + 𝐾 ∈
𝑅

𝐾
 

(a) ∅[(𝑥 + 𝐾) + (𝑦 + 𝑘)] = ∅(𝑥 + 𝑦 + 𝑘) 

                                          = 𝑓(𝑥 + 𝑦) 

                                         = 𝑓(𝑥) + 𝑓(𝑦)    [ ∵ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 ] 

                                       = ∅(𝑥 + 𝐾) + ∅(𝑦 + 𝐾) 

(b) ∅[(𝑥 + 𝐾). (𝑦 + 𝑘)] = ∅(𝑥𝑦 + 𝑘) 

                                          = 𝑓(𝑥𝑦) 

                                         = 𝑓(𝑥). 𝑓(𝑦)    [ ∵ 𝑓 𝑖𝑠 ℎ𝑜𝑚𝑜 ] 

                                       = ∅(𝑥 + 𝐾). ∅(𝑦 + 𝐾) 

(iii) ∅ is on-to: Let 𝑦1 ∈ 𝑅1      𝑠𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑜𝑛 − 𝑡𝑜 ∃𝑥 ∈ 𝑅 ∋ 𝑓(𝑥) = 𝑦1 

For this 𝑥 ∈ 𝑅, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑥 + 𝑘 ∈
𝑅

𝐾
 𝑠𝑜 𝑡ℎ𝑎𝑡 = ∅(𝑥 + 𝐾) = 𝑓(𝑥) 

𝐹𝑜𝑟𝑒𝑎𝑐ℎ 𝑦1 ∈ 𝑅1 ∃ 𝑥 + 𝑘 ∈
𝑅

𝐾
 𝑠𝑜 𝑡ℎ𝑎𝑡 = ∅(𝑥 + 𝐾) = 𝑓(𝑥) = 𝑦1  

∴ ∅: 
𝑅

𝐾
→ 𝑅1 𝑖𝑠 𝑎𝑛 𝑖𝑠𝑜𝑚𝑜𝑟𝑝ℎ𝑖𝑠𝑚 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒

𝑅

𝐾
≅ 𝑅1 

Primal ideal (Def): An ideal 𝐼 of the commutative ring 𝑅 is said to be prime ideal of  𝑅 if for all  

𝑥, 𝑦 ∈ 𝑅 𝑎𝑛𝑑 𝑥𝑦 ∈ 𝐼 ⟹ 𝑥 ∈ 𝐼 𝑜𝑟 𝑦 ∈ 𝐼. 

Theorem1: An ideal 𝑰 of a commutative ring 𝑹 is prime ideal of 𝑹 ⟺
𝑹

𝑰
 𝒊𝒔 an integral 

domain. 

Proof: 𝐼 is an ideal of commutative ring of 𝑅 

∴  
𝑅

𝐼
= {𝑥 + 𝐼 𝑥⁄ ∈ 𝑅} is a  commutative ring under (𝑖)(𝑥 + 𝐼) + (𝑦 + 𝐼) = (𝑥 + 𝑦 + 𝐼)   

 (𝑖𝑖)(𝑥 + 𝐼) ∙ (𝑦 + 𝐼) = (𝑥𝑦 + 𝐼)  ∀ 𝑥 + 𝐼, 𝑦 + 𝐼 ∈
𝑅

𝐼
  𝑎𝑙𝑠𝑜  0 + 𝐼 𝑖𝑠 𝑡ℎ𝑒 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓

𝑅

𝐼
  

Necessary condition (⟹): 𝐼 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅.  𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 
𝑅

𝐼
 𝑖𝑠 an integral domain  
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For this we have to show that 
𝑅

𝐼
 ℎ𝑎𝑠 𝑛𝑜 𝑧𝑒𝑟𝑜 𝑑𝑖𝑣𝑖𝑠𝑜𝑟𝑠. 

Let 𝑥 + 𝐼, 𝑦 + 𝐼 ∈
𝑅

𝐼
 𝑎𝑛𝑑 (𝑥 + 𝐼) ∙ (𝑦 + 𝐼) = 0 + 𝐼 

Now (𝑥 + 𝐼) ∙ (𝑦 + 𝐼) = 0 + 𝐼 ⟹ 𝑥𝑦 + 𝐼 = 0 + 𝐼 

                                                  ⟹ 𝑥𝑦 − 0 ∈ 𝐼 

                                                 ⟹ 𝑥𝑦 ∈ 𝐼 

                                                 ⟹ 𝑥 ∈ 𝐼 𝑜𝑟 𝑦 ∈ 𝐼   [∵ 𝐼 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑖𝑑𝑒𝑎𝑙] 

                                                 ⟹ 𝑥 + 𝐼 = 0 + 𝐼 𝑜𝑟 𝑦 + 𝐼 = 0 + 𝐼 

                           ∴  
𝑅

𝐼
 ℎ𝑎𝑠 𝑛𝑜 𝑧𝑒𝑟𝑜 𝑑𝑖𝑣𝑖𝑠𝑜𝑟𝑠. 

Sufficient condition (⟸): Given  
𝑅

𝐼
 𝑖𝑠 an integral domain.  To prove   𝐼 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 

∀ 𝑎, 𝑏 ∈ 𝑅 𝑎𝑛𝑑 𝑎𝑏 ∈ 𝐼 ⟹ 𝑎𝑏 + 𝐼 = 0 + 𝐼 ⟹ (𝑎 + 𝐼)(𝑏 + 𝐼) = 0 + 𝐼 

Since 
𝑅

𝐼
 𝑖𝑠 an integral domain and hence 

𝑅

𝐼
 ℎ𝑎𝑠 𝑛𝑜 𝑧𝑒𝑟𝑜 𝑑𝑖𝑣𝑖𝑠𝑜𝑟𝑠. 

 ⟹ (𝑎 + 𝐼) = 0 + 𝐼 𝑜𝑟 (𝑏 + 𝐼) = 0 + 𝐼 ⟹ 𝑎 ∈ 𝐼 𝑜𝑟 𝑏 ∈ 𝐼 ∴   𝐼 𝑖𝑠 𝑎 𝑝𝑟𝑖𝑚𝑒 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 

Maximal ideal: Let 𝑅 be a ring and 𝑀 be an ideal of 𝑅 𝑎𝑛𝑑 𝑀 ≠ 𝑅. 𝑀 is said to be maximal 

ideal of  𝑅 if when ever 𝑁 is an ideal of 𝑅 such that 𝑀 ⊆ 𝑁 ⊆ 𝑅 them either𝑀 = 𝑁  𝑜𝑟 𝑁 = 𝑅. 

Theorem2: An ideal 𝑴 of a commutative ring with unity 𝑹 is maximal ideal of 𝑹 ⟺
𝑹

𝑴
 𝒊𝒔 a 

field.  

Proof: 𝑀 is an ideal of commutative ring with unity of 𝑅 

∴  
𝑅

𝑀
= {𝑥 + 𝑀 𝑥⁄ ∈ 𝑅} is a commutative ring with unity under  

 (𝑖)(𝑥 + 𝑀) + (𝑦 + 𝑀) = (𝑥 + 𝑦 + 𝑀) 

 (𝑖𝑖)(𝑥 + 𝑀) ∙ (𝑦 + 𝑀) = (𝑥𝑦 + 𝑀)  ∀ 𝑥 + 𝑀, 𝑦 + 𝑀 ∈
𝑅

𝑀
   

 𝑎𝑙𝑠𝑜  0 + 𝑀 𝑖𝑠 𝑡ℎ𝑒 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓
𝑅

𝑀
  𝑎𝑛𝑑 1 + 𝑀 𝑖𝑠 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓

𝑅

𝑀
 

Necessary condition (⟹): 𝑀 𝑖𝑠 𝑎 𝑚𝑎𝑥𝑖𝑚𝑎𝑙 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅.  𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 
𝑅

𝑀
 𝑖𝑠 a field  

For this we have to show that every non-zero element of  
𝑅

𝑀
  𝑖𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑎𝑏𝑙𝑒 
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Let 𝑎 + 𝑀 𝑏𝑒 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 ∈
𝑅

𝑀
   𝑠𝑜 ∴ 𝑎 + 𝑀 ≠ 0 + 𝑀 ⟹ 𝑎 ∉ 𝑀 𝑎𝑛𝑑 𝑎 ∈ 𝑅 

𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡  𝐼 = {𝑟𝑎 𝑟⁄ ∈ 𝑅}  𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 

∴ 𝑀 + 𝐼 = {𝑝 + 𝑞 𝑝⁄ ∈ 𝑀, 𝑞 ∈ 𝐼} 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 

Since 𝑀 𝑖𝑠 𝑎 𝑚𝑎𝑥𝑖𝑚𝑎𝑙 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 𝑠𝑜 𝑀 ⊆ 𝑀 + 𝐼 ⊆ 𝑅 

Since 𝑎 ∉ 𝑀 𝑎𝑛𝑑 𝑎 = 0 + 1. 𝑎 ∈ 𝑀 + 𝐼 ⟹ 𝑀 ≠ 𝑀 + 𝐼 

Since 𝑀 𝑖𝑠 𝑎 𝑚𝑎𝑥𝑖𝑚𝑎𝑙 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 𝑠𝑜 𝑀 + 𝐼 = 𝑅 

1 ∈ 𝑅 ⟹ 1 ∈ 𝑀 + 𝐼 ⟹ 1 = 𝑚 + 𝑏𝑎  𝑤ℎ𝑒𝑟𝑒 𝑚 ∈ 𝑀, 𝑏 ∈ 𝑅 

⟹ 1 − 𝑏𝑎 = 𝑚 ∈ 𝑀 ⟹ 1 − 𝑏𝑎 ∈ 𝑀 ⟹ 1 + 𝑀 = 𝑏𝑎 + 𝑀 

⟹ 1 + 𝑀 = (𝑏 + 𝑀)(𝑎 + 𝑀)  

 𝑆𝑖𝑛𝑐𝑒
𝑅

𝑀
 𝑖𝑠 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑟𝑖𝑛𝑔  ∴ (𝑎 + 𝑀)(𝑏 + 𝑀) = (𝑏 + 𝑀)(𝑎 + 𝑀) = 1 + 𝑀 

 𝑎 + 𝑀 ≠ 0 + 𝑀 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑏 + 𝑀 ∈
𝑅 

𝑀
  

∴
𝑅

𝑀
 𝑖𝑠 a field    

Sufficient condition (⟸): Given  
𝑅

𝑀
𝑖𝑠 a field .  To prove   𝑀 𝑖𝑠 𝑎 𝑚𝑎𝑥𝑖𝑚𝑎𝑙 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 

Let 𝑁 𝑏𝑒 𝑎𝑛𝑦 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑀 ⊆ 𝑁 ⊆ 𝑅 

If  𝑀 = 𝑁, 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑛𝑜𝑡ℎ𝑖𝑛𝑔 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒.  

If  𝑀 ≠ 𝑁, 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 𝑁 = 𝑅 (𝑁 ⊆ 𝑅 𝑎𝑛𝑑 𝑅 ⊆ 𝑁) For this we have to show that 1 ∈ 𝑁 

Since 𝑀 ≠ 𝑁 𝑎𝑛𝑑 𝑀 ⊆ 𝑁 ⟹ ∃ 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑎 ∉ 𝑀 𝑎𝑛𝑑 𝑎 ∈ 𝑁   

 ∴ 𝑎 ∉ 𝑀 ⟹ 𝑎 + 𝑀 ≠ 0 + 𝑀 ∈
𝑅

𝑀
 ⟹ 𝑎 + 𝑀 𝑖𝑠 𝑎 𝑛𝑜𝑛 − 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓

𝑅

𝑀
  

𝑎𝑛𝑑  
𝑅

𝑀
𝑖𝑠 a field  

𝑠𝑜 ∃ 𝑏 + 𝑀 ∈
𝑅

𝑀
 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡(𝑎 + 𝑀)(𝑏 + 𝑀) = (𝑏 + 𝑀)(𝑎 + 𝑀) = 1 + 𝑀 

⟹ 𝑎𝑏 + 𝑀 = 1 + 𝑀 ⟹ 𝑎𝑏 − 1 ∈ 𝑀 ⟹ 1 − 𝑎𝑏 ∈ 𝑀 ⊆ 𝑁 ⟹ 1 − 𝑎𝑏 ∈ 𝑁 

𝑎 ∈ 𝑁, 𝑏 ∈ 𝑅 𝑎𝑛𝑑 𝑁 𝑖𝑠 𝑎 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 ⟹ 𝑎𝑏 ∈ 𝑁 
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1 − 𝑎𝑏 ∈ 𝑁, 𝑎𝑏 ∈ 𝑁 𝑎𝑛𝑑 𝑁 𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 ⟹ 1 − 𝑎𝑏 + 𝑎𝑏 ∈ 𝑁 ⟹ 1 ∈ 𝑁 

Clearly 𝑁 ⊆ 𝑅 ⟶ (1) 

Let 𝑥 be any element of  𝑅  

∴  𝑥 ∈ 𝑅 ⟹ 𝑥. 1 ∈ 𝑅 ⟹ 𝑥. 1 ∈ 𝑁  [∵ 1 ∈ 𝑁  , 𝑥 ∈ 𝑅 𝑎𝑛𝑑 𝑁𝑖𝑠 𝑎𝑛 𝑖𝑑𝑒𝑎𝑙 𝑜𝑓 𝑅 ⟹ 𝑥. 1 ∈ 𝑁  ] 

                                  ⟹ 𝑥 ∈ 𝑁         ∴  𝑅 ⊆ 𝑁 ⟶ (2) 

 From (1) &(2)   𝑁 = 𝑅 ∴  M is a maximal ideal of R   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


